
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



[ 298 ] 



XXXVI. *A Difquifition concerning certain 
Fluents ; which are ajjignable by the Arcs 
of the Conic Se&ions ; wherein are invefli- 
gatea fome new and ufeful Theorems for 
computing fuch Fluents ? By John Lan- 
den, F. R. S. 



Read June 6, A /FR. Mac Laurin, in his Treatife of 
177 '' JLVX Fluxions, has given fundry very 
elegant Theorems for computing the Fluents of cer- 
tain Fluxions by means of -Elliptic and Hyperbolic 
Arcs ; and Mr. D'Alembert, in the Memoirs of the 
Berlin Academy, has made fome improvement upon 
what had been before written on that fubject, But 
fome of the Theorems given by thofe Gentlemen 
feeing in part expreffed by the difference between 
an Arc of an Hyperbola and its Tangent, and fuch 
difference being not directly attainable, when fuch 
Arc and its Tangent both become infinite, as they 
will do when the whole Fluent is wanted, although 
fuch Fluent be at the fame time finite j thofe The- 
orems therefore in that cafe fail, a computation 
thereby being then impracticable, without fome far- 
ther help. 

The Jupplying that defect I confidered as a point 

of fome importance in Geometry, and therefore I 

3 earneftly 



P/u/M.Timi.r.m.JM.Takmt, 




C'Stuf/re'fJ, 
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earneftly wiflied, and endeavoured, to accomplish 
that bufinefs $ my aim being to afcertain, by means 
of fueh arcs, as above-mentioned, the Limit of the 
difference between the Hyperbolic Arc and its Tan- 
gent, whilft the point of contact is fuppofed to be 
carried to an infinite diftance from the vertex of the 
curve, feeing that, by the help of that Limit, the 
computation would be rendered practicable in the 
cafe wherein, without fuch help, the before-men- 
tioned Theorems fail. And having fucceeded to my 
fatisfadion, I prefume, the refult of my endeavours, 
which this Paper contains, will not be unacceptable 
to the Royal Society, 



i. 



Suppofe the curve ADEF (Tab. XII. fig. i.) to 
be a conic Hyperbola, whofe femi-tranfverfe axis AC 
is = m, and femi-conjugate = n. 

Let CP, perpendicular to the tangent DP, be 

called p ; and put /= — , z = £-. Then fas 



is well known) will DP — AD be = the fluent of 

i x , 
- ■ ~~ 2 ■ ■ ? ■■ ■ ?■ ■ - , * and * being each =c to m when 

AD is = (?« 

2. 

Suppofe the curve adefg (fig. 2.) to be a qua- 
drant of an Ellipjts, whofe femi-tranfverfe axis eg is 

*=s dm* 4" »*» afl d femi-conjugate ac == n. Let 

Q^q Z Ct 
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c-t be perpendicular to the tangent dt, and let the 



abfciffa cp be = n x — • Then will the faid tan- 



,mz 



>ent d t be = m X -j — 

n + 

will be found 



m% 



j and the fluxion thereof 



_x 



:= \mn % z z X 



/»* Z* ; 



tF+~m*Y 



W + 2/* — ** 



In the expreffion 



yjZli let < + / J 

« + by \ r X <r + dy f a + by 



be fuppofed = z. Then will ^— T be = > and 



the pro pofed ex preffion will be 

a a be) * ~ r ~' x z-'z 



d—bz 



a% ■ 



? l ~i X d — bz\ l +t- r " 



Taking, in the laft article, r and s each = f, 
q = l, a = — </= -. ^ = i, and f = «% we have 

> 2 j / m*n—iy' l y \ 



m 



=3 — mnz-1% x 



n : 



»* + *»») 



4 



It 



[ 30i ] 

It appears therefore, that, y being == «* x ~rr 



m — z 
— » 

ma 



\nflf-y __ \m*z%k j 



vV + 2/y — f */r? + 2/z 



% 



T z —i • m — zl* im z i& z x 

«* + mz| * V «* +.«/« — ** 
which, by Art. 2. is = the fluxion of the tang. dt. 

Confequently, taking the fluents, by Art. 1. and 
correcting them properly, we find 
DP-^AD-|-FR^AF = L+dt. 

CP, in fig. 1. being =m t z z -, cp, in fig. 2.=«X— » 
CR, perpendicular to the tangent FR = m z y 2 j 



r 1 



DP — AD = ihe fluent of -=3»™f±-. . 
FR — AF = the fluent of - *»*>*> . 

V«* + 2fy — y % 

and L the Limit to which the difference DP— AD, 
or FR — AF, approaches, upon carrying the point 
D, or F, from the vertex A ad infinitum. 



Suppofe y equal to z, and that the points D and F 
then coincide in E, the points d and p being at the 
fame time in e and q refpeclively. Then c v being 
perpendicular to the tangent ev, that tangent will 

be a maximum and equal to eg — ac = */m*'+n'>-r n •, 
the tangent EQJin the hyperbola) will be=v'^ r If« 7 j 

the 
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(he abfchTa BC = m \f \ ^ — , , , * „ , . , ,j the ordinate 

BE = « x tf -pafssssg h and it appears, that 

Lis=:2EQ c -.2AE-ev-s»4-V > »2 2 4-?2 i — 2AE! 
Thus the Limit which I prspefed to afcertain is in* 
veftigated, m and n being any right lines whatever ! 



6. 



1 £• 



The whole fluent of fc^j= > generated 

V«* $ a/a — z 1 
whilft % from becomes = m, being equal to L ; 
and the fluent of the fame fluxion (fuppofing it to 
begin when # # begins) being in general equal to 
L -\* AD — DP = FR -w- AF *» dt $ it appears* 
that, k being the value of % correfponding to the 

fluent L 4- AD —DP, w fu""^ will be the value 

of js correfponding to the fluent L *\- ; AF *— FR, 
and FR — AF will be the part generated whilft % 

from ~ ~ n i becomes = m. It follows therefore, 

» + mi 

that the tang, d t , together with the fluent of 

' ' N... 4 i M ,.''V . generated whilft « from a becomes 
V«* -t- 2/2. — »- & 

equal to any quantity k, is equal to the fluent of the 
fame fluxion generated whilft a from ^" ' "J^ be* 

comt& =e= »f $ cp being taken tm n x J| ♦ 

Suppofe 
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Suppofe k = mn *T n y , its value will then be 

~ r »* + mi 

- V « 2 4- »* — -. Confequently the fluent of 

mm * ' 

.. . . .. a?" z ,*„ ., « ,, , generated whilfl: « from becomes 

V« x + 2/z — ss x & 

=— -v'^ 4 4. «•' — -, together with the quantity 

y ;»* 4. «" — «, is equal to the fluent of the fame 

fluxion generated whilft % from - ym 2, -\- n l 

becomes = m : and thefe two parts of the whole 
fiuent being denoted by M and N refpe&ively j 

M will be 7= n — AE, and N = V*** + a* — AE. 

7- 
The fluent of } ml ? k being L-f AD-DP, 

the fluent of-i£i*=:+DP- AD-L will be=*.. 



x i 



Therefore, the fluent of ■ ;■■*** = - 4- the fluent of 

-vV + 2/Z 2 4 



-* ... -i 



\m~* «* %" a «i„: A.fl„^->fi ~-i^w" + ** 



__ rar! _ ca]i . J ; rsRinir = 111a nue-m or # .s •* 2; x — - — . " 
VV+2/iz— a 5 

it is obvious, that the fluent of - ^ w ~* *'*"**_ i s 



:DP-AD-L+ the fluent of iz"*Zx£±Z± 



m — x 

= DP 
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=t D P — A D — L 4- the elliptic arc dg (fig. 2.) 
whofe abfcifTa c p is = n x — • 

1 m | 

Confequently, putting £ for | of the periphery 
of that ellipfis, it appears that the whole fluent of 

,« »»■« » ^ generated whilft z from becomes 

Vk^ + 2/z — s* b ( 

=/», is equal toE— L=£+2AE-k-V/» j +«'. 

8. 

By taking, in Art. 3. £, r, and j, each = \ i 
and = — d =z— . b = 1, and c =z n* •, we find, 

that, if y be = -n , ,, =4- ■ >— == = =• 

J n x + m% vV + 2/z-a* Vif+zfy-y* 

will be = 0. 

It is obvious therefore, that the fluent of 

-, — z z g , generated whilft ss from becomes 
equal to any quantity £, is equal to the fluent of the 
fame fluxion, generated whilft z from ~~ ~~J^ be- 
comes = m. 

Now, fuppofing /I = "f ~ Y »its value will be 

« a /"~ » — i i »* 

_ v« 4-8 • 

Confequently, the fluent of . z = ==, gene- 

fated whilft « from becomes = i.yai'4-w"-^ 

is 
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is equal to half the fluent of the fame fluxion, generated 
whilft % from o becomes =t»j which half fluent is 
known by the preceding article. 



9- 
It appears, by Ar. 4. that 

iH^L_+^d£Lz ha -Jheflux.oftktangM; 
and it appears, by the laft article, that 

* J J 1_ l jg _«_ q . 

"/ n 1 + 2/y —? V n z + a/a — z z 
tnn* — n z y — »*z — w^z being e=s 0. 
Therefore, by addition, we have 

i v-* v x "* + OTjy f + §z~*z x v + ""l l 

=. — the fluxion of the tangent dt. 

Confequently, by taking the correct fluents, we 
find the tang, dt (= the tang, fw) r= the arc 



ad — the *»v fg ! the abfcifia cp being = n x — 

m\ 
the abfcifla cr = »xi , and their relation ex- 

m\ 

prefled by the equation n 6 — n*u* — n*v* — nti?v % 
= 0, » and v being put for cp and cr refpettively. 

Moreover, the tangents dt, fw, will each be =2 ^-f!!j 

»* 

and ct x cw = cv z = ac xcg. 

If for the femi-tranfverfe axis c g we fobftitute h 

nftead of ^m l + »% the relation of u to v will be 
Vol. LXI. R r exprefled 
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expreffed by the equation 

n 6 — «V — n 4 v l -- b z — « l x a 2 -u* = <?, and 

d t (= f w) will be = — ^L- x u v. 

Iftt and v be refpedtively put for fr and dp, their 
relation will be expreffed by the equation 

}f—frif—h*i?+h % — tt x u l tf=.o t and 
dt (= fw) will be = ~~ n y.uv. 



10. 

Suppofe y — to z, (that is, v — u) and that the 
points d and f coincide in e. In which cafe the 
tangent dt will be a maximum, and = eg — ac. 
It appears then that the arc ae — the arc eg is 
= c g — ac. 

Confequently, putting E for the quadrantal arc ag, 

we find that the arc ae is = - + h ~ n ! 

2 

-1 E — h 4- n ■ 

the arc e e = ! — ! 

° 2 

There are, I am aware, fome other parts of the 
arc ag, whofe lengths may be affigned by means of 
the whole length (a g) with right lines ; but to in- 
veftigate fuch other parts is not to my preient pur- 
pofe. 

II. 

Taking m and n each = i j that is, ac ( = AC) 

= i, and eg = ^2j let the arc ag be then ex- 

7 prefled 
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preffed by e : put c for \ of the periphery of the circle 
whofe radius is i j and let the whole fluents or 

i i • x -i • 

•%_*=—. and -—===» generated whilft z from o be- 
V« — »» Vl — *» 

comes r-s i, be denoted by F and G refpectively. 

Then, by what is faid above, F -\- G will be = e ; 

and, by my theorem for comparing curvilineal areas, 

or fluents, published in the Phi/of. TranJaSl, for the 

year 1768, it appears that F x G is = \c. From 

which equations we find F = § e — § *V — 2 c, 

and G = •§ e -f. f vV — 2 c 

But z# and « being each = 1, L is = Fj there- 
fore 1 4-^2 — 2AE, the value of L, from Art. 5. 

is, in this cafe, = \e — \ vV — zc. Confequently, 
in the equilateral hyperbola, the arc AE, whofe abfcifla 

BC is=V 1 -f _L, will bt = l-\-L-le+ l^e'^zc, 

by what is faid in the article laft mentioned. Hence 
the reSlifvcation of that arc may be effecled by means 
of the circle and ellipjis ! 

The application of thefe Improvements will be 
eafily made by the intelligent Reader, who is ac- 
quainted with what has been before written on the 
iubjecl:. But there is a theorem (demonftrable by 
what is proved in Art. 8.) fo remarkable, that I 
cannot conclude this difquiiition without taking no- 
tice of it. 



R r 2 12. 
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12. 



Let Ipqn (fig. 3.) be a circle perpendicular to 
the horizon, whofe higheft point is /, loweft », and 
center m: let p and q be any points in the femi- 
circumference Ipqn: draw ps, qt parallel to the 
horizon, interfering Imn'va s and / j and, having 
joined Ip, pt, make the angle Ipv equal to ltp t 
and draw r v parallel to q t t interfering the circle 
in r, and the diameter / m n in v. Let a pendulum, 
or other heavy body, defcend by its gravity from^ 
along the arc pqrn: the body fo defcending will 
pafs over the arc p q exactly in the fame time as it 
will pafs over the arc r n ; and therefore, q t and r v 
coinciding when It is equal to Ip, it is evident that 
the time of defcent from p to q will then be precifely 
equal to half the time of defcent from/ to n ! 

And it is farther obfervable, that, if pqn be a 
quadrant, the whole time of defcent will be 



it 



1, j X f e -\- % V? — 2 c ; the radius Im, or mn, 

being =za ; and b being put (for 16 ,\ feet) the fpace 

a heavy body defcending freely from reft falls through 

in one fecond of time. 

In general, ns being denoted by d % and the diftance 

of the body from the line p s, in its defcent, by a?, 

the fluxion of the time of defcent will be exprefled by 
1 _x 

x " 2 ' 1 x =; the fluent whereof, 



**zad — d l — 2« — zd.x — x' 
correfponding to any value of x, may be obtained by 
Art. 7. By which article it appears, that the -whole 

time 
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time of dcfcent from any point p will be 



i 



X E + 2A£ — pn — ps. 



b 2 i 1 X la — d 

The femi-tranfverfe A C (fig. i.) being = n s ; 
the femi-tranfverfe c g (fig. 2.) = »/> j 

and the femi-conjugate in each figure = ps. 

Since writing the above, I have difcovered a ge- 
neral theorem for the rectification of the Hyperbola, 
by means of two Ellipfes j the investigation whereof 
I purpofe to make the fubjecT; of another Paper. 



XXXVII. A 



